We use non-abelian fundamental groups to define a sequence of higher reciprocity maps on the adelic points of a variety over a number field satisfying certain conditions in Galois cohomology. The non-abelian reciprocity law then states that the global points are contained in the kernel of all the reciprocity maps.
Refined Hasse principles and reciprocity laws
Consider the Hasse-Minkowski theorem [8] for affine conics like X : ax 2 + by 2 = c (1.1)
stating that X has a rational point in a number field F if and only if it has a point in F v for all places v. Remarkable as it is, even undergraduate students are normally left with a somewhat unsatisfactory sense of the statement, having essentially to do with the fact that the theorem says nothing about the locus of X(F ) ⊂ X(A F ).
(1.2)
There are various attempts to rectify the situation, the most successful of which might be the theory of the Brauer-Manin obstruction [6] .
The point of view of this paper is that one should consider such problems, even for more general varieties, as that of defining a good reciprocity map. That is, let's simplify for a moment and assume X ≃ G m (so that existence of a rational point is not the issue). Then we are just asking about the locus of F × in the ideles A × F of F . In this regard, a description of sorts is provided by Abelian class field theory [1] , which gives us a map
with the property that rec ab (F × ) = 0.
(1.4)
So one could well view the reciprocity map as providing a 'defining equation' for G m (F ) in G m (A F ), except for the unusual fact that the equation takes values in a group. Because F is a number field, there is also the usual complication that the kernel of rec ab is not exactly equal to G m (F ). But the interpretation of the reciprocity law as a refined statement of Diophantine geometry is reasonable enough.
In this paper, subject to certain assumptions [Coh] that we will state below, we obtain a generalization of Artin reciprocity to an iterative non-abelian reciprocity law. That is, for a suitable class of varieties X equipped with a rational point b ∈ X(F ), we define a sequence of subsets
and a sequence of maps rec n : X(A F ) n ✲ G n (X) (1.6) to a sequence G n (X) of profinite abelian groups in such a way that
We visualize this as a diagram:
in which rec n is defined not on all of X(A F ), but only on the kernel (the inverse image of 0) of all the previous rec i . We put
The non-abelian reciprocity law then states Theorem 1.1. Suppose X satisfies the conditions [Coh] , so that the all the reciprocity maps are defined. Then
Naturally, the question of the precise relation between the two sets presents itself. We could, for example, compose with the projection to connected components
and ask if we get a bijection for hyperbolic curves.
We give now a brief description of the groups G n . Let ∆ = π et 1 (X, b) be the profinite étale fundamental group [2] ofX = X × Spec(F ) Spec(F ), and ∆
[n] be its lower central series defined as 10) where the overline refers to the topological closure. We denote
(1.11) and
Thus, we have an exact sequence
for each n turning ∆ n into a central extension of ∆ n−1 . All of these objects are equipped with canonical actions of
where Hom refers to continuous homomorphisms. We equip D(N ) then with the discrete topology. Similarly, given any discrete torsion abelian group A, define
where A[n] refers to the n−torsion subgroup. Here, Hom(A[n], Q/Z) has the discrete topology while A ∨ is given the inverse limit topology (induced by the product topology). With this notation, we can define the targets of the reciprocity maps rec n using continuous cohomology:
Notice that when X = G m , we have T 1 =Ẑ(1) and T n = 0 for n > 1. Thus, D(T 1 ) = Q/Z and
Hence, by Pontrjagin duality, there is a canonical isomorphism
and rec 1 will agree with the usual reciprocity map rec ab .
Pre-reciprocity
For each finite set M of primes, denote by ∆ M the pro-M quotient of ∆ consisting of the inverse limit of all finite quotients of ∆ whose orders are products of primes in M . For this group as well, we have notation corresponding to the usage above:
and
The maps rec n will be constructed in general via non-abelian cohomology and an iterative application of Poitou-Tate duality. For this, it is important that the G F -action on any fixed ∆ M factors through G S F = Gal(F S /F ) for some finite set S of places of F . Here, F S refers to the maximal algebraic extension of F unramified outside S. If X ⊂ ✲ X ′ is a smooth compactifictation with a normal crossing divisor D as complement, then it suffices to take S large enough to satisfy the conditions that -X ′ has a smooth model over Spec(O F We will be using thereby the continuous cohomology sets and groups (appendix, and [3, 9] )
Whenever this notation is employed, we assume that the finite set S has been chosen large enough so that the G F -action factors through G S F . We will refer to such S also as an admissible set of places. For each place v of F , let G v = Gal(F v /F ). For any compact topological group U with continuous
to be the restricted direct product with respect to the subsets
where
is exactly the kernel of the restriction map
We have
as S runs over admissible sets of primes.
We now introduce the important conditions [Coh]:
[Coh 1] For any M , n, and any admissible S, there is a finite T ⊃ S such that
is injective.
[Coh 2] The localization maps
are injective.
For each n ≥ 2, we have an exact sequence
of topological groups. For a ∆ M n , we are given a family of finite quotients
n and ∆ M n−1 are inverse limits of the A j and the C j , respectively. That is, we can construct the exact sequence (2.3) as the inverse limit of exact sequences of finite groups
If we denote by
the finite set of diagonal maps that fit into the diagram
then they form a non-empty inverse system of finite sets, from which we see that there is an element in the inverse limit
That is, the surjection in (2.10) is equipped with a continuous section, so that we get a long exact sequence of continuous cohomology
(2.16) (Here, the superscript in 'δ g n−1 ' refers to 'global'.) As explained in the appendix Lemma 5.2 and Lemma 5.3, the meaning of exactness here is as follows. The group
identifies the orbit space with the kernel of the boundary map δ g n−1 . Similarly, for each local Galois group, we have an exact sequence
For this, note that the condition
(Twisting by the cocycle will not change the action on the graded pieces T 
is injective when T is sufficiently large.
For admissible R, there is also the partial localization
When U is compact and abelian, we have the duality isomorphism (local Tate duality, [7] , Chapter VII.2)
that can be composed with
(Poitou-Tate duality, [7] , Chapter VIII.6).
Lemma 2.1. Let U be a topological group with a continuous action of G S F . Let T ⊃ S and let
be in the image of loc T :
Proof. Consider the exact sequence
Since N acts trivially on U , we have H 1 (N, U ) = Hom(N, U ). But N is generated by the inertia groups I v for v ∈ T \ S. Therefore, we have an injection
This implies that an element of
is already in the image of H 1 (G S F , U ). When U is abelian and R ′ ⊃ R, the maps fit into commutative diagrams as follows:
where the lower arrow is the dual to inflation. The commutativity follows from the fact that
annihilate each other under duality. Hence, we get a compatible family of maps
Taking the direct limit over R, we then get
for every admissible R. Choose S large enough so that
By Poitou-Tate duality and Lemma 2.2, for every R ⊃ S, we have
For R large enough, such an x is unique. But this then implies that
In addtion to the exact sequences (2.16) and (2.18), we have an exact sequence with a restricted direct product
making the middle term a ′ H 1 (G v , T M n )-torsor over the kernel of δ. To see this, let S be an admissible set of primes. Then the G v -action for v / ∈ S factors through G v /I v , so that we have an exact sequence
and hence, an exact sequence
Taking the direct limit over S gives us the exact sequence with restricted direct products.
We go on to define a sequence of pre-reciprocity maps as follows. First, we let
as above. The kernel of prec
to be the inverse image of E(∆ M 1 ) ∩ Ker(δ 1 ) under the projection map
. Consider the following diagram:
Choose a splitting
of the torsor in the left column. We then use this 'global' splitting to define
by the formula prec
Here, we denote by
, it is easy to see that Proposition 2.3. prec M 2 is independent of the splitting s 1 .
In general, define
and use a splitting Also,
Proof. We have seen this already for n = 1. Assume it for n − 1. It is clear from the definition that
Reciprocity
The reciprocity maps
and so on are then just defined using the local period maps
3)
are torsors for ∆ M n with compatible actions of G v , and hence, define classes in
(This discussion is exactly parallel to the unipotent case [4, 5] .)
The reciprocity map is defined by
This map will not be defined on all of X(A F ). As in the introduction, define
we get the commutative diagram of torsors for x ∈ X(A F ).
In fact, if we define
then we can define
as the inverse limit. Clearly,
The global reciprocity law now follows immediately from the commutativity of the diagram
To check compatibility with the usual reciprocity map for X = G m note that the map
is the local reciprocity map ( [7] , corollary (7.2.13)). Here, κ is the map given by Kummer theory, while D is local duality as before. Furthermore, the localization
is dual to the inclusion, (3.19) so that the dual of localization
is simply the inclusion. Since the global reciprocity map is the sum of local reciprocity maps followed by the inclusion of decomposition groups, we are done. 
Comments
is satisfied whenever ∆ 1 = T 1 is torsion-free, which is true in many cases, e.g., hyperbolic curves. However, it is the condition [Coh 2] for H 2 that appears quite mysterious at this point.
In a subsequent publication, we hope to fortify the machinery to bypass these difficulties. In particular, it seems quite plausible (as suggested to the author by Jonathan Pridham) that the H 2 condition can be removed entirely by way of an appropriate use of non-abelian cohomology with compact support. We hope also to remove the rational base-point from the beginning of the constructions.
There are then the questions of continuity and concrete applications that we will return to in greater detail. Indeed, one would need ultimately to supplement the reciprocity laws with explicit reciprocity laws in order for the formalism to become useful in a Diophantine context. One might speculate that the theory of L-functions will re-emerge in the process.
The present paper, however, was motivated by a wish to set down the iterative reciprocity law itself in rather naive form, even at the cost of dealing with extra assumptions as well as an overall sense of incompleteness.
Appendix: A few lemmas on non-abelian cohomology
We include here some basic facts for the convenience of the reader.
Given a continous action
of topological group G on a topological group U , we will only need H 0 (G, U ) and
(We will put the homomorphism ρ into the notation or not depending upon the needs of the situation.) Meanwhile, we define
Here, Z 1 (G, U ) consists of the 1-cocycle, that is, continous maps c : G ✲ U such that
while the U action on it is given by
We also need H 2 (G, A) for A abelian defined in the usual way as the 2-cocycles, that is, continuous functions c : 5) modulo the subgroup of elements of the form
for f : G ✲ A continuous. Any H i (G, U ) defined in this way is pointed by the class of the constant map G n ✲ e ∈ U , even though it is a group in general only for U abelian. We denote by [c] the equivalence class of a cocycle c.
Given a 1-cocycle c ∈ Z 1 (G, U ), we can define the twisted action
The isomorphism class of this action depends only on the equivalence class [c].
Given an exact sequence 0
of topological groups with G action such that the last map admits a continuous splitting (not necessarily a homomorphism) and A is central in B, we get the exact sequence
of pointed sets, in the sense that the image of one map is exactly the inverse image of the base-point for the next map ( [9] , Appendix to Chapter VII).
But there are several bits more of structure. Consider the fibers of the map
The group H 0 (G, C) will act on
. Because c is G-invariant, this take values in A, and defines a cocycle. Also, a different choice of b will result in an equivalent cocycle, so that the action on We can say more. Given x ∈ Z 1 (G, A) and y ∈ Z 1 (G, B), consider the map (xy)(g) := x(g)y(g). Proof. From the paragraph before the statement, we get that q(b) = 0, and hence, b ∈ A. But then, x(g)y(g) = bg(b −1 )y(g) for all g, from which we deduce that x(g) = bg(b −1 ) for all g, so that 
